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When a two-dimensional electron gas is exposed
to a perpendicular magnetic field and an in-plane
electric field, its conductance becomes quantized in
the transverse in-plane direction: this is known
as the quantum Hall (QH) effect1. This effect
is a result of the nontrivial topology of the sys-
tem’s electronic band structure, where an inte-
ger topological invariant known as the 1st Chern
number leads to the quantization of the Hall
conductance2. Interestingly, it was shown that
the QH effect can be generalized mathematically
to four spatial dimensions (4D)3,4, but this effect
has never been realized for the obvious reason
that experimental systems are bound to three
spatial dimensions. In this work, we harness
the high tunability and control offered by pho-
tonic waveguide arrays to experimentally realize a
dynamically-generated 4D QH system using a 2D
array of coupled optical waveguides. The inter-
waveguide separation is constructed such that
the propagation of light along the device sam-
ples over higher-dimensional momenta in the di-
rections orthogonal to the two physical dimen-
sions, thus realizing a 2D topological pump2,5–10.
As a result, the device’s band structure is associ-
ated with 4D topological invariants known as 2nd
Chern numbers which support a quantized bulk
Hall response with a 4D symmetry7. In a finite-
sized system, the 4D topological bulk response is
carried by localized edges modes that cross the
sample as a function of of the modulated auxil-
iary momenta. We directly observe this crossing
through photon pumping from edge-to-edge and
corner-to-corner of our system. These are equiv-
alent to the pumping of charge across a 4D sys-
tem from one 3D hypersurface to the opposite
one and from one 2D hyperedge to another, and
serve as first experimental realization of higher-
dimensional topological physics.
The mathematical field of topology manifests naturally
in solid state systems11,12. In insulators, electrons popu-
late the electronic states below the spectral gap of the
system. These states can be mathematically mapped
onto abstract shapes depending on their geometric prop-
erties and can therefore be characterized by a topological
invariant11,12. The realization that these topological in-
variants manifest as quantized bulk responses, as well as
through corresponding topologically protected boundary
states, has revolutionized the way we understand mate-
rial properties. A wide variety of fields have explored
these topological phenomena beyond solid-state materi-
als, including in photonic13–16, ultracold atomic17–19, and
phononic20,21 systems.
The introduction of topological concepts into photon-
ics in particular13 has opened up many exciting avenues
of research. Much of this activity has been focused on
the experimental observation of topologically-protected
edge states in systems ranging from photonic crystals
and metamaterials in the microwave domain14,22,23, to
arrays of coupled waveguides6,15 and integrated silicon
ring resonators in the visible domain16. In all of these
works, spatially-periodic dielectric structures act as lat-
tices for light which, in combination with an engineered
synthetic gauge field, lead to topological 2D photonic en-
ergy bands. Going beyond 2D, the first experimental
works on 3D lattices have recently unveiled intriguing
topological features in their photonic band structures24
such as Weyl points25–27.
Systems such as these fit well into the study of our
3D world and its constituents. The study of topologi-
cal phases can, nevertheless, be defined and understood
mathematically in higher dimensions, with a hallmark
example being the 4D generalization of the 2D quan-
tum Hall effect3,4,7. In 2D QH systems, energy bands
of the electronic band structure are characterized by the
1st Chern number28,29, which quantizes the Hall conduc-
tance and thus counts the number of 1D chiral edge states
in a finite system. In 4D, energy bands can be charac-
terized by another topological invariant - the 2nd Chern
number3,4,7,30. Similarly to the 2D case, the 4D invari-
ant manifests through an additional quantized bulk re-
sponse that has corresponding 4D hypersurface phenom-
ena. Until recently, the latter seemed of pure theoret-
ical interest, simply because its realization would have
required four spatial dimensions. The control and flex-
ibility of atomic and photonic systems, however, have
inspired recent proposals to include synthetic dimensions
in the attempt of realizing higher-dimensional topological
systems directly31–34. Accessing higher-dimensional sys-
tems, therefore, poses a realistic new frontier for studying
fundamental physics.
The concept of ‘topological pumps’ lends itself well to
the incorporation of synthetic dimensions and the study
of higher-dimensional physics. For example, one may
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2consider a family of 1D systems parametrized by a mo-
mentum in a fictitious orthogonal dimension. This mo-
mentum is known as the ‘pump parameter’ and it acts
as an auxiliary dimension, thus mapping the 1D pump
to the 2D QH system and to its characterization by a 1st
Chern number2,6. The topological bulk response of the
1D pump matches that of the 2D QH effect: varying the
pump parameter effectively generates an electro-motive
force that pushes charge across the physical dimension,
where an integer number of charges is pumped per cycle
in accordance with the 1st Chern number2,5. Recently,
the quantized bulk response of 1D topological pumps has
been demonstrated in cold atom experiments9,10 and its
corresponding boundary states were addressed in pho-
tonic coupled-waveguide arrays6,8.
Interestingly, a 2D topological pump can be subject
to two pump parameters such that it corresponds to a
4D QH system7. In its simplest form, the 4D QH sys-
tem can be understood as a direct sum of two 2D QH
systems in disjoint planes7,33,34. Correspondingly, the
2D topological pump can manifest as a direct sum of
two 1D pumps in orthogonal axes7. Here, we consider
‘off-diagonal’ pumps where the hopping amplitudes are
modulated as a function of pump parameters6,8, i.e., we
study a 2D tight-binding model of particles that hop on
a lattice described by the Hamiltonian (see Fig. 1a)
H =
∑
x,y
tx(φx)c
†
x,ycx+1,y + ty(φy)c
†
x,ycx,y+1 + h.c. , (1)
where cx,y is the annihilation operator of a particle at
site (x, y); ti(φi) = t˜i + li cos(2pibii + φi) are modulated
hopping amplitudes in the i = x, y directions with bare
hopping t˜i and modulation amplitudes li. The modula-
tion frequencies bi can be mapped in 4D to two magnetic
fields threading the x − v and y − w planes. The pump
parameters φx and φy correspond to momenta in the v−
and w−directions, i.e., they can be understood as a dy-
namically generated electric field perturbations in these
directions, respectively. Considering that the pump pa-
rameters correspond to additional effective dimensions,
we can characterize spectral bands of the 2D pump with
nontrivial 2nd Chern numbers that manifest in a quan-
tized bulk response with a 4D symmetry7.
In this work, we realize such a 2D topological pump
using photonic coupled waveguide arrays (see Figs. 1b).
Each waveguide array is constructed to emulate the 2D
pump model [Eq. (1)] with bx = 1/3, by = 1/3, and with 7
rows and 13 columns. The inter-waveguide separation is
taken such that the evanescent coupling between nearest-
neighboring waveguides is modulated according to the
hopping amplitudes of Eq. (1), with λx = λy = 1.06/cm
and t˜x = t˜y = 1.94/cm (at 1550nm wavelength). Nev-
ertheless, the evanescent coupling is a function of both
separation and wavelength (see Methods). Therefore, the
resulting structure has coupling between waveguides be-
yond its nearest neighbors and the emulated model is not
a pure direct sum of two disjoint 1D pumps. Despite this
deformation, the calculated spectrum for the device man-
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Figure 1. The two-dimensional topological pump and
its corresponding band structure. a, A schematic di-
agram of the lattice model [Eq. (1)] with a 3 × 3 unit cell
(bx = 1/3, by = 1/3) having three different hopping ampli-
tudes, in each direction (solid, dashed, dotted lines), that can
be modulated using the pump parameters φx and φy. We
assume here periodic boundary conditions. b, An illustra-
tion of the 2D array of evanescently-coupled waveguides used
in the experiment with z-dependent waveguide spacings and
7 × 13 dimensions. Light is injected into the input facet of
the device, it pumps across it during its propagation (due
to the topological nature of the 2D pump), and is collected
on the other side using a CCD camera. c, Calculated band
structure for a similar device consisting of a 70 × 70 array of
coupled waveguides taken along the path φx = φy (the larger
dimensions are chosen for clarity of presentation), at wave-
length 1550nm. Bulk modes are shown in gray, edge modes
in red and orange, and corner modes in black. Insets show
representative wavefunctions for each type of mode. Due to
the long-range hopping in the device, when the various edge-
modes of the 2D pump are degenerate they can hybridize to
form a right-angle wedge. Similarly, the corner modes vanish
into the bulk bands along their pump-path and generally hy-
bridize with bulk modes. We perform pumping experiments
to study the properties of these topological boundary states,
where φi are scanned between 0.477pi and 2.19pi in pump-
parameter space (marked by vertical dashed lines and arrow
marking the direction of the pumping), see Figs. 2 and 3.
3ifests bulk gaps and bands with gap-traversing bound-
ary states showing appearances of both edge and corner
states - see Fig. 1c and its insets, and see Supplemen-
tary Information (including Supplementary Information
Fig. 1) for a comparison with the direct sum spectrum.
One can understand the appearance of such topological
edge phenomena to be a manifestation of the nontrivial
4D topology of the 2D pump. Let us first study the struc-
ture of the model described in Eq. (1). Since this model
can be decomposed as a direct sum of 1D pumps that
each have gaps that are associated with nontrivial 1st
Chern numbers6,28,29, it follows that: (a) the spectrum
of the 2D pump can be understood as a Minkowski sum
of the two independent 1D pump spectra, E = Ex +Ey,
(b) the states of the model are product states of the two
independent models, and (c) the product bands are as-
sociated with 2nd Chern numbers equal to the multipli-
cation of the individual 1st Chern numbers. The latter
manifests in nontrivial bulk phenomena only when gaps
remain open in the resulting Minkowski sum spectrum.
Importantly, such 2nd Chern number response and its
4D symmetry imply that charge will be pumped as a re-
sponse to a scan of either of the pump parameters, φi as
well as to both, see Supplementary Information for more
detail.
Let us now consider these properties of the model (1) in
an open geometry. As each topological 1D pump has 1D
bulk modes as well as 0D boundary modes, (a) and (b)
imply that we can group the 2D pump states into three
categories: (i) 2D bulk modes composed of products of
1D bulk modes, (ii) edge modes composed of products
of 1D bulk modes with a 0D boundary, and (iii) corner
modes that are a product of 0D boundaries. The bound-
ary modes [cases (ii) and (iii)], are those that support the
quantized 2nd Chern number response in an finite-sized
system (see Supplementary Information for details). In-
terestingly, the 1D edge states of the 2D physical system
maps onto 3D hypersurface states in the 4D picture and
0D corner states map to protected 2D hyperplanes, thus,
illuminating the intricate 4D hypersurface phenomena as-
sociated with the 2nd Chern number.
Our coupled-waveguide device is, however, not a sim-
ple direct sum of two 1D pumps in disjoint axes due to
longer-ranged hopping. Nevertheless, the perturbation
induced by the long-range hopping keeps the bulk gaps
open. As result, the topological characterization of these
gaps by nontrivial 2nd Chern numbers implies that the
bulk response must remain unchanged. The appearance
of edge states that traverse the gaps as a function of the
pump-parameters φi supports this response in a finite-
sized system. In this work, we experimentally probe the
behavior of these states.
The waveguide array that we employ (see Fig. 1b)
is fabricated using the femtosecond laser-writing
technique35 such that each waveguide supports a single
guided mode that can evanescently couple to its neigh-
bors. When light is injected into the array at the input
facet, it excites the eigenmodes of the device according to
its spatial overlap with them. The light, then, diffracts
through the device according to the paraxial Schro¨dinger
equation, i∂zψ = H(z)ψ, where the time-evolution coor-
dinate in the usual Schro¨dinger equation, t, is replaced
by the distance along the axis of propagation, z; ψ rep-
resents the excited wavefunction as a superposition of
bound modes of the waveguides, and H(z) is the Hamil-
tonian defined by the coupling in the array. Therefore,
the diffraction of light through the array mimics the time-
evolution of the wavefunction of a quantum mechanical
particle36–38. Consequently, time-dependent pumping as
described above means adiabatically varying φi along the
waveguide propagation axis: φi → φi(z)6,8.
Figure 2. Images of the output facet of the waveguide
arrays after z = 15cm of propagation showing edge-to-
edge pumping. a,b A device with no pumping correspond-
ing to a model with φx = φy = 0.477pi [cf. Fig. 1]. Light that
is injected at the center of the left or bottom edges excites
the topological edge bands and spreads out along the edge,
correspondingly. In c and d pumping of φx (from 0.477pi to
2.19pi, while φy is held constant at 0.477pi) causes the light to
be pumped from the left edge to the right, whereas no such
pumping is observed when light is injected at the bottom-
center. However, when both φx and φy are simultaneously
pumped (from 0.477pi to 2.19pi), we observe that light injected
at the left-center (in e) and bottom-center (in f) pump from
left-to-right and bottom-to-top, respectively. The fact that
some light resides in the bulk arises from imperfect coupling
to edge states as well as deviations from perfect adiabatic-
ity. In each case, the yellow-dashed circle indicates the site of
injection at the input facet, z = 0, and the red arrows indi-
cate the direction of photon pumping. Taken together, these
results demonstrate the edge phenomena associated with the
bulk response of the 2D topological pump, i.e., the edge states
supporting the 4D symmetry predicted from the response of
this dynamically generated 4D quantum Hall effect.
We experimentally demonstrate the appearance of
4edge modes in the structure as well as their behavior un-
der scans of the pump parameters φx and φy as a func-
tion of z. We start by studying a waveguide structure
with straight waveguides, i.e., without modulation as a
function of z. We inject light (via fiber coupling) into
two different single waveguides in the array: one along
the left edge and one along the bottom edge. After a
diffraction length of 15cm the output light from the chip
is collected. We see that light stays largely confined to
the injected edge, i.e., it had mostly excited the topolog-
ical localized edge modes (see Fig. 2a,b). Additionally,
it spreads across the whole edge but does not show a
right-angle wedge form. This implies the presence of a
band of edge states (i.e., the band that crosses the gaps
in Fig. 1c), where the coupling between the two bands on
the left and bottom is small. We can, therefore, conclude
that the long-range coupling did not break the orienta-
tion associated with the two orthogonal 1D topological
pumps embedded in the system. Having established that
we can couple to the edge modes of the two perpendic-
ular 1D pumps, we will now demonstrate their behavior
under scans of the pump parameters, φi.
We implement topological pumping by allowing the
positions of the waveguides to ‘wiggle’, corresponding
a variation of φx and/or φy as a function of z, as de-
picted in Fig. 1b. To this end, we fabricate separate ar-
rays of waveguides that correspond to two scenarios: (1)
pumping only in the x-direction by adiabatically chang-
ing φx as a function of z; and (2) pumping in both the
x and y directions by adiabatically varying φx and φy
simultaneously. In case (1), we see that when light is
injected at the left edge, it is pumped to the right edge
(see Fig. 2c). However, when it is injected at the bottom,
it is not pumped to the top due to a lack of pumping of
φy (see Fig. 2d). In case (2), we observe that the edge
states pump both from left to right (Fig. 2e) and bottom
to top (Fig. 2f). Note that some of the edge (i.e., bulk-
boundary) states that we excite lie at the same energies
as bulk states in the open system geometry (see Supple-
mentary Information); these will also lead to pumping
across the sample. We note further that some occupa-
tion of bulk modes is present in all output wavefunctions
- this arises from two sources: (a) some degree of overlap
of the initial beam with bulk modes; and (b) deviations
from adiabaticity. These results show that an electro-
motive force applied in the v- and/or w-directions implies
pumping from one 3D (v, w, y)-hyperplane to the oppo-
site one in the x-direction, and/or from one 3D (v, w, x)-
hyperplane to the opposite one in the y-direction as im-
plied by the presence of a non-zero 4D 2nd Chern number.
We now examine the pumping of states that reside at
the corners of the structures described above. We in-
ject light in the bottom-corner waveguide of each of the
three devices. The corner mode can be directly excited
as well as pumped along the bottom edge, in conjunction
with it being the boundary mode of the 1D pump that
crosses edge-to-edge, see Figs. 3a,b. Interestingly, when
we scan φx and φy simultaneously, the corner mode is
Figure 3. Images of the output facet of the waveguide
arrays after z = 15cm of propagation showing corner-
to-corner pumping. The devices are the same as those
used in Fig. 2. The yellow-dashed circle indicates the site of
injection at the input facet, z = 0, and the red arrows mark
the direction of pumping. In a, there is no pumping, and
therefore light stays confined to the corner state. In b, light
is largely pumped from the bottom-left corner to the bottom-
right corner via φx. When both φx and φy are pumped (in c),
the corner state is pumped from bottom-left to top-right. The
corner state passes through the bulk band remains localized
since it is a long-lived resonance while not in the band gap,
(see Supplementary Information).
pumped largely all the way to the top-right corner of the
sample, see Fig. 3c. In both cases, the corner mode be-
comes degenerate with bulk states and should hybridize
with them (see Supplementary Information). Neverthe-
less, as each constituent 1D pump is characterized by
its own 1st Chern number (in dispersive indirect gaps),
the corner modes manifest as the joint product of the
protected topology at the boundary of the 2D pump.
This means that the corner modes only weakly hybridize
with the bulk, since in the limit where the system can
be separable into a tensor product, the corner states are
fully bound. Hence, we interpret the in-bulk-band corner
modes as long-lived resonances that have lifetimes much
greater than the time over which pumping is carried out,
i.e., the 15cm of propagation. In the 4D picture, the
2D corner modes correspond to two-dimensional ‘hyper-
5edges’ that are extended in the (v, w)-plane. Pumping
of the corner modes therefore corresponds to the pump-
ing of one hyper-edge to the one diagonally across from
it in the (x, y)-direction. Note that the in-gap corner
modes are unique in the sense that they are topologically
protected modes that are two dimensions lower than the
physical dimension of the system (conventional protected
modes are one dimension lower). Recently, the appear-
ance and demonstration of such modes has been reported
in inversion-symmetry protected 2D systems39,40.
In conclusion, we have observed topological edge
pumping associated with the 4D quantum Hall effect in a
2D photonic system using synthetic dimensions, implying
the presence of a non-zero 2nd Chern number character-
izing the system. The use of edge/surface physics pro-
vides an independent observation of the physics implied
by the system’s 2nd Chern number, as compared with
the measurement of quantized nonlinear bulk response
in a similar model studied in a concurrent work using
cold atoms [M. Lohse et al., submitted]. The realization
of 4D quantum Hall physics opens up the possibility of
many new physical effects. Natural questions include:
can arbitrarily high spatial dimensionality be realized?
Can interactions lead to 4D fractional Hall physics using
synthetic dimensions? Since photonic systems naturally
allow for non-Hermitian Hamiltonians (arising from gain
and loss), what is the interplay between non-Hermiticity
and topological gaps associated with non-zero 2nd Chern
number? Are there other physical quantities that are
quantized in four dimensions that can be directly mea-
sured using synthetic dimensions? We expect that with
new experimental access to 4D quantum Hall physics,
many other directions will emerge.
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Methods
Experimental specifications. The experiments were
conducted using arrays of evanescently coupled waveg-
uides fabricated in borosilicate glass using the femtosec-
ond laser writing technology35. The waveguides are all
identical in both refractive index and dimension, while
the inter-waveguide separation was modulated in order
to realize the off-diagonal 2D model described in the text
[i.e., Eq. (1)]. In all cases, we observe the output image
(after 15cm of propagation) over a range of wavelengths
(i.e., between 1510nm-1590nm) in increments of 5nm,
and then average the output intensities over all wave-
lengths, see Figs. 2 and 3. Since the band gap remains
open over this range, we expect the pumping behavior to
remain the same. We perform the averaging over wave-
length in order to minimize sensitive interference effects
due to fabrication imperfections.
Model implementation with waveguide arrays.
The diffraction of paraxial light through the struc-
tures described in the text is governed by the paraxial
Schro¨dinger equation
i∂zψ = − 1
2k0
∇2ψ − k0∆n
n0
ψ
where the wavefunction ψ(x, y, z) corresponds to the
electric field envelope E(x, y, z) = ψ(x, y, z) exp(ik0z −
iωt)Eˆ0. In the above, ∇2 = ∂2x + ∂2y is the transverse
Laplacian, ∆n(x, y, z) is the change in refractive index
relative to the background index n0, and k0 = 2pin0/λ is
the wavenumber in the background medium. For an ar-
ray of single mode, weakly coupled waveguides, the evolu-
tion generated by the paraxial Schro¨dinger equation can
be described using tight-binding theory, where light hops
between the bound modes of adjacent waveguides. The
hopping amplitude t associated with a given waveguide
separation can be obtained by numerically computing the
two lowest eigenvalues E1, E2 of the full equation for a
system consisting of two waveguides. The hopping am-
plitude is then given by t = (E2 − E1)/2.
To perform this computation for our waveguides, we
used a best-fit Gaussian model for the waveguide refrac-
tive index variation: ∆n(x, y) = δn exp(−x2/σ2x−y2/σ2y)
with δn = 2.8 × 10−3, σx = 3.5 µm, and σy = 5.35 µm.
These parameters were obtained through calibration over
a set of one-dimensional test arrays. Using this profile
and a background index of n0 = 1.473, we obtained a
model of the form t(s) = A exp(−γs) governing the de-
pendence of the hopping amplitudes on the waveguide
separation, s. Here A = A(λ) and γ = γ(λ) are wave-
length dependent parameters plotted in Fig. 4. We then
used this model to solve for the waveguide spacings re-
quired to implement the modulated hopping amplitudes
defined by the Hamiltonian in Eq. (1).
Figure 4. The overall scale A (dashed red line) and ex-
ponential decay prefactor γ (solid orange line) describing
the inter-waveguide coupling versus their separation t(s) =
A exp(−γs), where s is the waveguide separation. The param-
eters were obtained using a thorough calibration procedure
(see Methods) and are plotted as a function of wavelength.
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The direct sum model
The direct sum model [Eq. (1) in the main text] de-
composes along the x- and y-directions into a sum of two
independent off-diagonal Harper modelsS1–S3
H(φx, φy) = Hx(φx) +Hy(φy) (S1)
where Hi(φi) = t˜i + λi cos(2pibi i + φi) with i ∈ {x, y}.
Each Hi(φi) is a one-parameter family of 1D Hamiltoni-
ans, i.e., a 1D topological pump. Treating the parameter
φi as a Bloch momentum associated with an additional
spatial dimension i˜ ∈ {v, w}, we can perform a dimen-
sional extension of this model and obtain a model de-
scribing the 2D integer quantum Hall system on a lattice
with anisotropic hoppingS4–S6.
For b = 1/3, the spectrum of the [1D pump ↔ 2D
QH] system consists of three bands as shown in Sup-
plementary Information Fig. 1a. Each band, n, has an
associated non-zero 1st Chern number
νn =
1
2pii
∫ 2pi
0
dφidki Cn(φi, ki) , (S2)
which is an integral over the Berry curvature (also known
as the Chern density) of the filled nth band
Cn(φi, ki) = TrPn
[
∂Pn
∂φi
,
∂Pn
∂ki
]
, (S3)
where we have defined the spectral projector Pn onto
all states in the nth band. The 1st Chern number of
the bands manifests through the quantization of the Hall
conductance in response to an applied in-plane electrical
field, e.g., in our case Ix = (e
2/h)Ev
∑
n νn, where Ix
denotes the current density along x-direction, Ev is an
electric field along the v-direction, and the sum is over
all filled bands. This quantized bulk response has corre-
sponding edge states, i.e., gapless boundary states appear
in a finite sample (as many as the sum of Chern numbers
below a given gap) and carry the transverse quantized
conductanceS7.
As discussed in the main text, the eigenstates of the full
Hamiltonian [Eq. (1) in the main text and Eq. (S1)] are
tensor products of the eigenstates of the two independent
Harper models |ψmn〉 = |ψm〉 ⊗ |ψn〉, where m enumer-
ates the states in the x−v plane and n those in the y−w
plane. Their associated energies are Emn = Em + En so
that each pair of bands from the decoupled models yield
a band of the [2D pump ↔ 4D QH] model. Therefore,
in a finite system, as each constituent of the direct sum
has bulk and boundary modes, the tensor product eigen-
states can be categorized as bulk-bulk, bulk-boundary,
and boundary-boundary. A color-coded illustration of
the resulting band structure is shown in Supplementary
Information Fig. 1b.
It is important to note that the resulting Minkowski
sum spectrum is not always gapped, i.e., depending on
the amplitudes t˜i and λi, the joint spectrum may not be
gapped. Consequently, if the gaps are closed, we can no
longer discuss the topology of the combined spectrum as
any small perturbation will mix the states from the dif-
ferent bands. When the spectral gaps are open, we note
that the bulk-boundary and boundary-boundary modes
lie for some φi at energies within the gaps and for others
at energies in the bulk bands. Therefore, the boundary-
boundary (i.e., 2D corner) modes that overlap with the
bulk are generally expected to become finite lifetime res-
onances upon the introduction of higher-neighbor cou-
plings that destroy the tensor product structure of the
eigenstates. Nonetheless, the in-gap bulk-boundary and
boundary-boundary modes are protected for arbitrary
perturbations that do not close the gap and are the sur-
face states associated with a non-zero 2nd Chern number.
Second Chern number bulk response and
its corresponding edge phenomena
Let us consider an energy Ej that resides in the j
th
gap of the [2D pump ↔ 4D QH] system, see Supplemen-
tary Information Fig. 1b. The second Chern number Vj
associated with this gap is given by
Vj = − 1
8pi2
∫
d4k µνρσtr
(
Pj
∂Pj
∂kµ
∂Pj
∂kν
Pj
∂Pj
∂kρ
∂Pj
∂kσ
)
(S4)
where Pj(kµ) is the projector onto the subspace
spanned by the eigenstates at Bloch momentum kµ =
(φx, φy, kx, ky) with energies below the gap. Using the
decomposition of H discussed above, Vj can be written
in terms of the first Chern numbers νn of the Harper
2Supplementary Information Figure 1. Nearest neighbor band structure obtained from two decoupled models [see
Eq. (S1)]. a, Finite sample band structure for a single Harper model aligned along the x-direction. Boundary modes highlighted
in orange (red) are localized on the left (right) end of the 1D sample. Also shown is the first Chern number associated with
each bulk band. b, Band structure taken along the path φx = φy for a system that decomposes into two independent Harper
models. Each band in the figure on the right is obtained by summing together a pair of bands from the figure on the left.
The resulting bands can be classified by the types of states appearing in the sum: bulk-bulk (2D bulk), bulk-boundary (2D
edge), and boundary-boundary (2D corner). These types are respectively colored gray, red/orange, and black. Note that as a
function of φ the edge modes form “dispersive” bands that thread through the 2D bulk gaps. We identify that the edge bands
have indirect gaps between them, in conjunction with the fact that on the edge of the 2D model a 1D pump exists that has a
1D spectrum as appearing in a. The corner modes are threading between the edge bands and, therefore, are forced to cross 2D
bulk bands along their φ trajectory.
models as:S6
Vj =
∑
band pairs m,n with total energy<Ej
νnνm . (S5)
Combining this result with the 1st Chern numbers shown
in Supplementary Information Fig. 1a, the 2nd Chern
numbers associated with the lower and upper gaps of the
[2D pump ↔ 4D QH] Hamiltonian can be seen to be
V = +1,−1, respectively. While the Hamiltonian gov-
erning our photonic system does not decompose in the
way discussed above due to the presence of higher neigh-
bor couplings, the upper and lower gaps remain open (see
Figure 1 in the main text) and, as a result, the associated
second Chern numbers remain unchanged.
The 2nd Chern number has an associated quantized
nonlinear bulk response Iα = Vj e2hΦ0 αβγδBβγEδS30,
where Iα denotes the current density along the α direc-
tion, Φ0 is the flux quantum, Eδ is an electric field along
the δ direction, and Bβγ is a magnetic field in the βγ
plane. This response has a distinct 4D symmetry to it,
namely, the topology implies that all of the various re-
sponses associated with the 2nd Chern number must oc-
cur with the exact same quantization. In turn, in a finite-
sized system, boundary states must appear and support
these quantized bulk responses.
We can split the 2nd Chern number bulk responses of
the direct sum model into two types: density-type re-
sponses and Lorentz-type responsesS8–S10. The former
occurs when the magnetic field perturbation is applied
in a plane coinciding with that of one of the intrin-
sic magnetic fields that generate the topological gaps.
The perturbation, thus, changes the density of one of
the constituting direct sum models according to the
Streda formulaS11. This means that the density of the
bulk-boundary in-gap states would change and carry the
additional quantized response associated with the 2nd
Chern number. As this response occurs for any infinites-
imal magnetic field perturbation and is additive to the
1st Chern number response that each constituent model
should contribute in response to an applied electric field
perturbation, we therefore see in our experiments edge-
to-edge transport carried by these states that support
density-type bulk responses. The latter occurs when the
magnetic field perturbation is in a plane orthogonal to
the intrinsic magnetic fields. Here, the two direct sum
models are coupled through the magnetic field perturba-
tion leading to mutual scanning of φi. This response is
carried by the corner states.
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